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1. INTRODUCTION 
The purpose of this paper is to characterize the Steinberg groups D,yqa), 
when q = 2”, in terms of the centralizer of an involution (an element of order 
2). The characterization is contained in the following theorem: 
THEOREM. Let C, be tLr centr&zer in II,‘($) of an involution in the center 
of a Sybw 2-subgroup of D,‘(g). Let G be any jnite group containing a subgroup 
cswhthtC~C,f.?#dC=C&)f or fsery invoMon 2 in the center of C. 
Then one of the following holds: 
(1) q = 2, and G contains a normal complement to C of odd order. 
(2) q>2,CgG,and~G:C~diwidesq-1. 
(3) G = W4”). 
The method used in proving this theorem is essentially the same as that 
used by the author in characterizing the groups Ga(2’9 [7l and by Suzuki in 
characterizing the linear groups U,($) and Q,(q), q = 2” [5 and 61. In this 
paper proofs are omitted in cases where they are nearly the same as the proofs 
of the corresponding results in [7]. The notation in this paper is generally the 
same as in [7]. 
The author wishes to express his thanks to Dr. Michio Suzuki for leading 
him to this work. 
2. STRUCTURE OF D4y@) 
The construction and structure of the groups D,z(qS) [which appear as 
subgroups of the groups D4($)] are described in general terms in 
Steinberg’8 paper [3]. A more detailed description follows. 
+ Supported in part by National Science Foundation Grant GP 7952X. 
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The positive roots of the simple Lie algebra of type D, can be written as 
a, b, c, d, a -1 6, a A. c, a T d, a + c -: d, a 1. b + d, a ‘- b -j- c, 
a + b A- c T d, and 2a + b + c + d, where a, 6, c, and dare the fundamental 
roots. Define a linear permutation r on the set l7 of positive roots by the 
equations ~(a) =: a, T(b) =_- c, T(C) = d, T(d) :: b. The sets of the partition 
II2 of II defined by Steinberg can be written 
S, = (6, c, 4, 
s, = {a>, 
S, = {a + b, a + G Q + 4, 
S, = {a + c + 4 a + b + 4 a + b + cl, 
s, = {a + b + c + 4, 
S, = (2a + b + c + d}. 
The Weyl group W* of Dd2(@) is of type G, (dihedral of order 12) and is 
generated by the involutions wi = w,,w,w* and w2 = w, , where w, is the 
reflection associated with the root r in the Weyl group of the simple Lie 
algebra of type D, . If the positive roots of the simple Lie algebra of type G, 
are denoted by r1 , r2 , ~r J- r2 , 2r, + r2, 3r, + r2 , and 3r, + 27,) then the 
action of W2 on the sets &!$ is the same as the action of the Weyl group of G, 
on the roots of G, under the correspondence: S, +-+ r, , S, f-) r2, S, t, ti + r, , 
s, t-) 25 f Y2 , s, t) 3r, + r2 ) s, t-) 3r, + 2r,. 
Let r be a finite field with qa elements, where q = 2”, and let r denote the 
automorphism of r defined by r(a) == aQ for all a E r. Denote r(a) by rU. 
Let PO be the subfield of r consisting of elements fixed by 7. 
Use x,(a) to denote the one-parameter elements of the group D,(g) in the 
usual way (Y any positive root, 01 E r). Define 
u, = {+) : +) = ~~(~)~,(q xd(q, oL 6 rj, 
u, = {x2(g : x2(oL) :=x,(~), a E r,), 
u, = M4 : 44 = ?2+&4 Xa+e(4 xacA3, rx E n, 
U4 = M4 : &4 = xa+c+A4 G+~+A~) G+~+G), a E rh 
4 = {x5(4 : ~~(4 = ~,+~+~+d4~ 0E m 
u, = M4 : 44 = ~~~+~+~+~b), a E a. 
Then the group S = U,U2U,U,U,U, is a Sylow 2-subgroup of D12($). It 
has order q12, and every element x in S has a unique expression as 
x = -44 x2b2) Q4 44 x&J 44 
wherea,,05,“4Erand~,aj,ol,Er,. 
(2.1). Multiplication within each subgroup Vi is given by ~~(a) s&9) = 
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xi(a + /?). Multiplication between the subgroups Vi is given by certain 
commutator relations which are readily derived from the commutator 
relations holding in the group D4($). (They may be found in a paper by 
Gibbs [2, p. 1631.) In characteristic 2 they appear as follows: 
All other types of commutators between elements of distinct subgroups Vi and 
U, (i,j = I, 2 ,..., 6) are trivial. 
Let S be the group of all characters x from a free abelian group on the 
four generators Q, b, c, and d into the multiplicative group of r which satisfy 
x(a) E r, and x(d) = ~[X(C)] = 7*[X(b)]. Then the normalizer of S in Da*(@) 
can be written as B = SH, where there is an isomorphism # between H and 
3. If h denotes the image of the element h E H under #, then h acts on S by 
the formulas 
44 h-’ = -dh(b) 4 
~2(4 h-l = x2W&> 4, 
h,(a) h-’ = dh(u + b) 4, 
hxda) h-’ = ~~[&,(a + c + d) al, 
hx,(a) h-l = q&,b,(~ + b + c + 4 al, 
hx,(a) h-l = x,[jbh(2u + b + c + d) a]. 
(2.2) 
There is a subgroup W of D.,*(g) which is isomorphic to the Weyl group 
W* of D4*($) and which normalizes H. If w E W, and w* is the corresponding 
element of W*, then the action of w on H is given by whw-1 = g, where 
hk) = tw*(dl f or r = a, b, c, d. (In this situation w* is considered as a 
permutation on the roots of the simple Lie algebra of type D, .) If u and w are 
the elements of Wcorresponding to the elements w, and w2 of W*, respectively, 
then Y and w multiply with the elements of S according to the equations 
[41>1” = 1, ux2(a) 24-l = x5(a) 
ux3(a) u-l = x,(a), we(a) 11-l = x6(a) 
[~~2U)13 = 1, ml(a) W-l = X3(a) 
(2.3) 
Wx4(a) 0-l = x4(a), wx&(a) w-l = X&a). 
The group Da*(@) can be written as the union of double cosets BwB, , 
where B = SH as above, w ranges over the elements of W, and B, is a 
complement to B in B n B”. 
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3. SOME PROPERTIES OF C, AND S 
From the commutators given earlier, it is easy to calculate that Z(S) = Us , 
which is elementary abelian of order q. Denote Z(S) by 2. 
If z is any involution in 2, then C, = Co(a) can be written as 
C, = SK v SKuU, , where II is the element of W defined above and 
K = {h E H : &,(2a + b + c + d) = l}. 
The maximal normal 2-subgroup of C, is D = U2U,U4U5U,, and C,/D g 
SL(2, Q), and the extension splits. 
(3.1). Let x = l7 x1(q) (i = 1, 2 ,..., 6) be an involution in S. In con- 
sidering conjugacy in S of involutions of S, six cases arise: 
(I) If 4 # 0, then x - q(9). 
(2) If 4 = 0, but a, # 0, then 1c - ~4%) s,(fi) for some fi E r. 
(3) If “1 = % = 0, but cg # 0, then x - +,(aJ. 
(4) If a, = % = as = 0, but aa # 0, then x - x4(a4). 
(5) If u1 = a2 = as = a4 = 0, but a5 # 0, then x - xs(as). 
(6) If ai = 0 for all i < 6, then x = xs(a,J. 
Let r, be the kernel of 1 + 7 + G (which is the same as the image of 
1 - 7). Then r = r,, @ r, , where both are vector spaces over r, . If A is 
any subset of r, define xi(A) = {xi(a) : a E A} for i = 1,2 ,..., 6. 
(3.2). The centralizers in S of the six involutions above (and their orders) 
are then, respectively, 
(3.3). Each involution in C, is conjugate in C, to exactly one of the 
following: %(l), x,(l), x,(l), X0(a) for some a E r,, a # 0. The centralizers 
in C, of the first three of these involutions are 2-closed with the centralizers 
in S as Sylow 2-subgroups. 
Two subgroups of S which play a major role in the following arguments 
are M = U,U~U,U,U, and Y = U,U, . The subgroup M is the centralizer 
of Y in S, and Y = Z(M). An important property of M is that it is the only 
subgroup of order greater than ql0 which has a center of order greater than q. 
For a discussion of why M plays a leading role in the proof, see [7’j. 
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4. PRELIMINARY LEMMAS 
(4.1). Let G be a @rite) non-2-closed (TI) group in which a SyroW 2-subgroup 
S contains more than one involution. Then the involutions of S generate an 
elementary abelian subgroup S,, of S which is equal to the center of S, and G 
contains a subgroup R of odd order which normalizes S and acts transitively on 
the involutions of S, . 
Proof. Lemma 7 of [4] contains all these assertions except that S,, = Z(S), 
and this follows readily from Theorem 2 of [4] and the structure of the Sylow 
2-subgroups of the groups L,(q), U,(g), and S,(q), q = 2”. 
(4.2). Let r be a $nite jield with 4” elements, q = 2”. Let r, be the sub&~? 
consisting of elementsfixed by the automorphism r : a + Op. Let I’, be the kernel 
in r of 1 + I + r2. Then r, is a &tvariant rO-subspace of I’, and d, = r, 
if, and only if, (Y E I’, . Every I’, hyperplane of I’is a multiple of I’, . If {a, /?} is a 
linearly independent set over r, , then d, n gr, contains q elements. If {a, 8, y} 
is a r, basis fw r, then ar, n ,V, n yr, = (0). 
Proof. These are standard results in finite field theory. The author is 
grateful to E. Shult for pointing them out to him. 
Lemma (4.2) is used in finding the orders of the centralizers of various 
subsets of S. 
5. NONSIMPLE CASES 
For the remainder of this paper G stands for a group satisfying the hypo- 
theses of the theorem. Identify the subgroup C of G with C, , and let the 
symbols r, r,, , r, , xi(a), Vi , S, 4, II, 2, K, D, M, and Y retain the meanings 
given to them in Sections 2 and 3. 
This section is devoted to proving the following proposition: 
(5.1). If No(M) is 2-closed, then one of the follow&g possibilities holds: 
(i) q = 2 and G contains a normal complement to C of odd order. 
(ii) q > 2, C SI G, andIG:CIdivi&sq-I. 
As noted in the Introduction, proofs will be omitted in cases where they 
are nearly the same as the proofs of the corresponding results in [7]. 
First, we state some premiminary results: 
(5.2).IfZ~G,thenC4GandIG:CIdividesq-1. 
(5.3). If 2, is a conjugate of ZandZ n 2, # {l}, then 2, = 2. 
(5.4). Two elements of Y are conjugate in G only Q tw are conjugate in 
NC(M). 
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Now we assume for the remainder of the section that No(M) is 2-closed, 
and we complete the proof of (5.1). 
(5.5). N,(Y) = N,(M) = N,(S). 
(5.6). No element of Y - Z is conjugate in G to an element of 2. 
(5.7). The involution x1(1) is not conjugate in G to any element of 2. 
Proof. Suppose the contrary. Let x = x1(1), and let Sr be a Sylow 
2-subgroup of C,(x) containing C,(x) = U,x,(r,) UsUs . Define M1 , Yr , 
and Z, as subgroups of S, in the obvious way. If z is any involution in Z, then 
by (3.3) C,(z) n S, = S n S, = C,(x). Since the centralizer of z in S, has 
order 47, it follows from (3.2) that C,(z) n S, C Ml , so C,(x) = M n Ml , 
Let I = C,(x). Since I = C,(x) = C,(z) n Ml , it follows that I contains 
Y and Y1 . Clearly I = M n Ml centralizes YY, . Since no subgroup of M of 
order greater than @ can have a centralizer in M of order p’, it follows that 
Y n Yi # (1). Let y E Y n Yi , y f 1. We wish to look now at the subgroup 
R = C,(Y) n NGQ- 
If P is any Sylow 2-subgroup of R containing N,(I) = U,xa(F,,) U,U,U, 
and if Pl is any Sylow 2-subgroup of Co(y) containing P, then 
Z(P,) C Z(P) C Z[N$(I)] = Y. 
However, by (3.2) and (5.6) Pl must have a center of order q2, so Z(P,) = Y, 
P _C C,(Y), and P C M. Therefore, N,Q is a Sylow 2-subgroup of R. If Q 
is any Sylow 2-subgroup of R with Q n N,(I) # 1, then a similar argument 
shows that Q C M. This implies that R/I is a (TI) group with N,(l)/1 as a 
Sylow 2-subgroup. The existence of Ml n N,(I) shows that it is not 2-closed. 
Since NM(I)/1 is elementary abelian, we may apply (4.1) and find a subgroup 
which normalizes I and NM(I) and acts transitively on the nonidentity 
elements of N&)/1. However, Y = Z[N,(I)], and No(Y) = NG(S), and 
U,U,U, is a characteristic subgroup of S, so that is impossible. 
(5.8). The involution x4(l) is not conjugate in G to any element of Z. 
Proof. Suppose the contrary. Let x = q(l), and let S, be a Sylow 
2-subgroup of C,(X) containing C,(x) = x,(P,) U&I’l) lJ,U,U, . Define 
Ml, Yi , and Z, as subgroups of S, in the obvious way. As before, if z is an 
involution of Z, then S, n C,(x) = S, n S = C&). Let X, be the third 
center of Sr . (The third center of S is U,U,U, .) Since M n S, has order q” 
and centralizes YZ, , it follows from (3.2) that YZ, 6 X1. By (5.3) and (5.6) 
Y n Z, = {I}. Hence Y1 C YZ, , since by (3.2) and (4.2) any subgroup of X 
of order qs must either contain Yi or have a centralizer in S, of order no 
greater than qs. This implies that Y n Yl # (l}, so choose y E Y n Yl , 
y # 1. Since YrCYZ,, we have MnS,~C,(Y,)nS, = Ml. Thus, M 
and Ml are Sylow 2-subgroups of C,(y) n N,(M n Ml). We can now 
A CHARACTERIZATION OF Da’(@), q = 2” 379 
proceed as in (5.7) to get a contradiction, using the fact that UsU,U,U, is 
a characteristic subgroup of S. 
(5.9). No involution of C - Z is conjugate in G to un involution of 2. 
(5.10). If q = 2, then G contains a normal complement to C of odd order. 
One consequence of (5.9) is that if P is any 2-subgroup of G containing 
2, then 2 C Z(P), so P _C C. This is very useful in studying the case q > 2. 
(5.11). Ifq > 2, and ifx is any involution of M which is not in U,U,U,U, , 
then C,(x) is 2-closed with C,(x) as Sylow 2-subgroup. 
Proof. Since any two such involutions are conjugate, we may assume 
x = x,(l). By the comment above, C,(x) = U,x,(I’,) U,U, is a Sylow 
2-subgroup of C,(x). Suppose there is some other Sylow 2-subgroup Q in 
Co(x), and choose Q so that I = Q n C,(x) has maximal order. Then 
Znl = ZnQ = {l}, since Q g C. Thus the group K,(I)/1 is a (TI) group 
which is not 2-closed and which has IC,(l)/I as a Sylow 2-subgroup. Since 
1 2 1 > 2 and 2 is weakly closed in S, it follows from (4.1) that 
IZ/I = Z[:lc,(I)/IJ This clearly implies that IZ > x,(F,,) U,U, = Z[C,(x)]. 
There is ah.0 a group R of odd order in Co(I) which normalizes Z and acts 
transitively on its involutions. R also normalizes Y, since it centralizes I; 
hence, R normalizes M and S. Therefore, R normalizes X = U,lJ,U, and 
also U, = [X, Iz]. On the other hand, [R, U,] C [R, Iz] = Z, so R centralizes 
U, . Since R has no nontrivial fixed points on IZ/I, this implies that U, _C I. 
Therefore, IC,(I)/I is abelian, and so K’,(l) = IZ. 
Now [R, IZJ = Z, so [R, IZ, x] = {I}. Also, [IZ, X, R] C [U, , R] = { 1). 
By the Three Subgroups Lemma, [X, R, IZ] = {I}, so [X, R] _C C,(I) = IZ; 
therefore [X, R] = [X, R, R] C Z. 
Similarly, [R, IZ, M] = (l}, and [IZ, M, R] C [X, R] C Z, so [M, R, 
IZ] C Z. Since IZ 2 xI(I’s), a simple computation shows that this requires 
[AI, R] C C,(IZ). Therefore, [M, R] c IZ; so [M, R] = [M, R, R] C Z. 
However, this implies that R centralizes M/M’, so R centralizes M, which is 
a contradiction. 
(5.12). Zq Gwhenq > 2. 
Proof. Suppose the contrary, and let Zr be a conjugate of Z different 
from Z. Let z E Z, , z # 1. Let x be any involution in M - U,lJ,U,U, . 
Since .z and x are not conjugate, there is some involution w in G such that 
[w, x] = [w, z] = 1, an d wz is conjugate in G to either x or z. Since Co(x) is 
2-closed, w E C,(x). If wz is conjugate to .z, then wz E Z[Co(z)] = Z, , so 
w E Zr , which is impossible. If wz is conjugate to x, then w is also conjugate 
to x, by the structure of Co(z). But then Co(w) is 2-closed, so z E S, which is 
impossible. 
48x/14/3-6 
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6. N,(M) WHEN q < 2 
For the remainder of the paper we assume that No(M) is not 2-closed. In 
In this section we determine the structure of No(M) under the additional 
assumption that q > 2. 
(6.1). No(M)/M is a (TZ) group. 
(6.2). N,(M) contains a normal subgroup L of odd index such that L/M z 
SW, 9). 
(6.3). Recall the subgroup K of C defined in Section 3. Let H be a complement 
toSinNG(S)withHr)K.LetJ=HnL.ThenJisacomplementtoSin 
N,(S), so J is cyclic of order q - 1 and acts regularly on the nonidentity elements 
of S,/M. 
(6.4). H normalizes exactly one other Sylow 2-subgroup S, of No(M). 
ZfZ, =Z(S,),thenY =2x2,. 
(6.5). There is an element v in No(M) such that H” = H, SW = S, , 
/” = J, vu2 E M, and v inverts the elements of J. 
(6.6). H = K x J, and hence H is abelian of order (4” - l)(q - 1). 
(6.7). Any two involutions of .Z are conjugate under the action of J. 
(6.8). The element v defined in (6.5) is an involution. 
(6.9). Zf R is a subgroup of Y of order q normalized by K, then R = U, or 
R = I!. 
(6.10). Zf R is a subgroup of M of order q3 with R normalized by K and 
R n Y = {l}, then R = U, , U, , or U, . 
(6.11). Zf R is a subgroup of S of order q with R normalized by K and 
RnM ={l},thR = U,. 
(6.12). H normalizes U, , U, , U, , U, , U, , and U, . 
(6.13). The involution v defined in (6.5) can be chosen so that [vx2(l)]3 E M. 
Proof. As in (6.6) of [7], there is a unique element x,(h) in U, with 
[vx,(~)]~ E M. Since J normalizes U, and acts regularly on its involutions, one 
can modify v and x,(h) by conjugation by an element of J if necessary to get 
[v~c~(l)]~ E M. 
(6.14). UIv = U, , iIJds = U, , U,” = U, . 
(6.15). Let k E K. Then Ku has the same action on U, as k-1, ke centralizes U, , 
and kv acts on Z according to the formula 
k”x6(a)k-” = x,[&(u + b -t c + d)a]. 
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(6.16). The action of w on M is giwen by x5(a)” = x,,(a), x4(a)” = x4(a), and 
xI(ap = x3(a). 
Proof. The equation q,(a)O = x6(a) is found just as in [7J However, 
in this case the existence of a single nontrivial fixed point x,(y) of w on U, is 
not enough to get the action of v on elements of U, by commutator relations. 
What is needed is to know that there are elements s,(yJ, x&s), and x&a) 
fixed by v, where {rr , yz , ~a} is a linearly independent set over r, . These 
can be gotten as follows: 
C,(U,) = {k E K : I&(U) = 1) h as order qr + q + 1 and acts semi- 
regularly on the nonidentity elements of U, . If k E CAU,), then 
[~s(l)rP]~ = [bake”]” E M, 
so vk 3 v (mod M). [This uses the fact that given two Sylow 2-subgroups S, 
and S, of SL(2, q) and an involution s E S, , there is a unique involution t such 
that .Slt = S, and (St)3 = 1.1 Thus [v, k] E H II M = {l}, and k E Cdo). 
Therefore, w has at least qz $- q + 1 fixed points on U, . 
This gives xl(a)O = x3(a) for all a E r, and the argument with commutators 
then turns around to give x4(a)V = x4(a) for all a E r. 
(6.17). Let w be any primitive (q - l).st root of unity in F. Then there is a 
generator h of Jswh that zI(a)h = xI(wa), x*(a)” = xz(w-$a), x3(a)* = x3(w-la), 
X4(a)” = x4(a), X6(a)” = &wa), mdx,(a)* = Je6(u-la). 
(6.18). The information obtained up to this point completely determines the 
structure of No(M). 
Rwf. As in [I, we can conclude that No(M) = SH v SHvU, . The 
action of H on S and the action of v on M have been computed. The action of 
w on H follows easily from these. We know that [vx,(~)]~ = 1. By Lemma 
(10.2) of [A, this is enough to completely determine the structure of N,(M). 
7. N&M)urHwq=2 
In this section we determine the structure of N,(M) under the assumption 
that NAM) is not 2-closed and q = 2. 
(7.1). KM a N,(M) and No(M)/KM g SL(2,2). 
Proof. N,(M) = N‘.(Y), and KM = Co(Y). Now proceed as in (7.1) 
of PI* 
(7.2). N,(M) contains exactly thee SyroCa 2-nrbgroups S, SO , and S, . They 
can be chosen so that Z(S,) = U, . There is an involution v in No(M) such that 
S”=SI,Kw=K,und[v~~(l)]s=l. 
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Proof. Any two Sylow 2-subgroups of No(M) with the same center 
must be equal, since S is the only Sylow 2-subgroup of C containing M. Thus 
N,(M) has at most three Sylow 2-subgroups, since Z(P) C Y for any Sylow 
2-subgroup P of No(M). On the other hand, No(M) has at least three, since 
AT,(M)/KM g X(2, 2). 0 ne can choose an element v of S, - M such 
that Ku 1= K, since KC KM g KS,. Then [K, vz] !Z K n M == {1}, so 
v2 E C,(K) = Y. Clearly S” y S, , so Z” = Us, so C,(v) = Z(Ss). If 
vs = ~~(1) x,(l), replace v by vuxs(1) to get vu2 = 1. Now proceed as in (7.2) 
of [7] to get [vx,(l)13 = 1. Th e manipulations there preserve K” = K, since 
[K, &I = (11. 
(7.3). If R is an elementary abelian subgroup of M of order 23 which is 
normalized by K, then R = U, , U, , iJ, ,01 x2( 1) U,xa( 1). 
(7.4). lJdv = U, and UIv = U, . 
Proof. UAv is normalized by K and contained in iJ,U,Oi , since U,U,U, 
is characteristic in M. The equations [U, , U,] = U, , [U, , U,] = U,, , 
UsV = U, , and [.x2( 1) U,sc,(l), U.,] # U,, then imply that UIv = U, . 
(7.5). [K, v] = {I}. 
Proof. Since Ss must be the only Sylow 2-subgroup in KS,, , K normalizes 
S, . Since v E S, , we have [K, v] c S, n K = (1). 
(7.6). v centralizes U, , and x1(a)” = x3(a) for all a. E I’. 
Proof. v has at least one nontrivial fixed point on U, , and K acts regularly 
on the involutions of U, , so v centralizes U, . Then [x1(a)“, x&I)] = 
xs[( 1 + 7 + 72)c$]V = x,[(l + T $ 7”)afl for all a, /3 E r, so xl(a)” = X3(a). 
(7.7). The information obtained up to this point completely determines the 
structure of N,(M). 
Proof. Same as for (6.18). 
8. NONCENTRAL INVOLUTIONS AND CONJUGATES OF Z 
We assume now that N,(M) has the structure determined in Sections 
6 and 7. 
(8.1). G has exactly two conjugate classes of involutions. 
Proof. From the structure of C and N,(M), G can have no more than 
two. Suppose by way of contradiction that 3c = x,(l) is conjugate to an 
involution of Z. Let S, be a Sylow 2-subgroup of Co(x) containing C&X). 
Define MO and Y0 in the obvious way. As in (5.7) we can assert that 
A CHARACTERIZATION OF Da2($), q = 2” 383 
M n MO = Cd ), x an d we can find an elementy E Y n Y, ,y # 1. However, 
y is conjugate to involutions in 2. Thus, because of the unique nature of M, 
conjugates of M in Co(y) must intersect in the same way as conjugates of M in 
C. But M n M,, contains an elementary abelian group of order Q, and this 
kind of intersection does not occur in C. 
An involution of G which is conjugate to an involution in 2 will be called 
central; others will be called noncentral. 
(8.2). NdM) = N,(Y) = N,( U,U,U,). 
PYOO$. N‘.(M) = N,(Y) as in [7]. Let X = U,U,U,. If X0 = X, 
then Yg = Y, since no element of Y is conjugate in G to any element 
of X - Y. Thus, N,(X) C No(Y). Also, X is characteristic in M, so 
~&‘W C N&V 
(8.3). Let x = x.,(l). Any two involutions of Y are conjugate in C,(x). Ify is 
any central involution in Cdx) - Y, then C,(x) r\ C,(y) = U.&(F,) U,U, . 
Zf z is any inwolution of 2, then C,(x) n C,(z) = C,(x). Consequently, fro 
inwolution of C,(x) - Y is conjugate in C,(x) to any inwolution of Y. 
(8.4). Zf x E U,U&J, - Y, then Cc(x) C NAM). 
(8.5). The centralizer of a noncentral inwolution of G has order ql”(q2 - 1). 
It has a normal subgroup of order fl and the factor group is isomorphic to SL(2, q). 
(This information is not used to determine the structure of G.) 
(8.6). Zf 2, is any conjugate of 2 in G, then eitlrer 2, CM, 2, C N,(M) 
with 2, n M = (I}, OY Z, n N&M) = (1). 
(8.7). Zf Z, is any conjugate of Z in G, then Z, centralizes at least one conjugate 
Z, of Z contained in N,(M) but not in M. 
Proof. The argument is the same as in (8.7) of [7] except when the element 
e defined there is a noncentral involution of M. Then possibly e is conjugate in 
N&M) to x,(l). An argument similar to that used when e is a noncentral 
involution of No(M) - M handles this case. 
(8.8). Zf Z, is a conjugate of Z in G which ten tralizes two distinct conjugates of 
Z contained in N,(M) but not in M, then Z, C NdM). 
9. BRUHAT DECOMPOSITION AND IDENTIFICATION 
(9.1). NAZ) = SH u SHuU, , where the union is disjoint and u is the 
inwolution of C defined in Section 3. 
(9.2). u normalizes H. 
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(9.3). Let B = No(S) = SH. Then G can be expressed as the union of the 
following twelve double cosets: B, BuU, , BvU, , BuvU,U, , Bvu U, CT5 , 
BuvuU,U,U,, BvuvU,U,U,, BuvuvU2U&J,U,, BvuvuU,U,U,U,, BuvuvuM, 
BvuvuvD, BUS. 
(9.4). Each of the double cosets of (9.3) bus form BwS, , where w is in the set 
(19 11, v, uv,. ..) uvuvuv), 
andS,tiacompkmentinBtoB~Bw. 
(9.5). The twelve a’ouble cosets of (9.3) are mutually disjoint. 
(9.6). If w is in the set 
(19 u, v, uv )...) uvuvuv), 
then each ekment of BwS, can be written in only one way as dws with d E B and 
SES,. 
(9.7). (uv)” = 1. 
Proof. If q > 2, the proof is just as in (10.1) of [7]. If q = 2, that proof 
applies as far as getting the equation 
(vu)3 = x(uv)“x, (*I 
where x E S and Kz = K, i.e., x E C,(K) = U,U,U, . 
Conjugating both sides of the equation (*) by u gives 
(uv)” = xyvuyP, 
(vu)” = x-qUv)%-“. 
By (9.6) this implies x+ = x, so x = x,,(l), xs(1) x,(l), x,(l) x,(l) x,,(l), or 1. 
If x = 5(l), then conjugating both sides of (*) by v gives 
(uv)” = x”(vqx’ = x3( 1 )(wU)%,(l), 
which gives a contradiction to (9.6). 
If x = ~~1) x6(1), then conjugating both sides of (*) by v gives 
w3 = V%(l) %(lxuvPdl) %(l)o 
= V%(l) 41) x3(lxuv)3~3(l) V%(l) 
= 4) x3(1) fM-4 4) v+(l) V%(l) 
= x,(l) 4X~PX*(l) %(l), 
using the fact that [v+(l)]3 = 1. This means that 
(4”v = x,(l) %(lxuv)3x3(l) %(l). 
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However, if on the one hand we use equation (*) to replace the (WY in this 
equation, and then on the other hand we conjugate this same equation by u, 
we find that (uw)% = u(wu)%. However, this implies (go)* = 1, which is 
impossible, since (uw)~ acts nontrivially on K. 
A similar argument shows that it is impossible to have x = x,(l) x6( 1) x6( 1). 
Hence x = 1, and (uw)” = 1 as desired. 
(9.8). The structure of G is uniquely determined, so G g Da2(q3). 
Proof. Apply (10.2) of [7J. 
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